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Counting polygon spaces, 
Boolean functions and majority games 

Jean-Claude HAUSMANN 


Abstract 

We explain why numbers occurring in the classification of polygon 
spaces coincide with numbers of self-dual equivalence classes of threshold 
functions, or regular Boolean functions, or of decisive weighted majority 
games. 


1 Introduction 

Initiated by K. Walker m, the classification of polygon spaces with n edges 
(see [7] and Section [3] hereafter) involves chambers delimited by a hyperplane 
arrangement in (R>o)" and so-called virtual genetic codes. The number c(n) 
of chambers modulo coordinate permutations and the number v{n) of virtual 
genetic codes were computed by several authors (see 0) and the currently 
known figures are as follows 
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c{n) 

2 

3 

7 

21 

135 

2,470 

175,428 

52,980,624 ? 

v{n) 

2 

3 

7 

21 

135 

2,470 

319,124 

1,214,554,343 ~1.7-10i® 


(more precisely: f(ll) = 1,706,241,214,185,942, computed by Minfeng Wang: 
see m- According to the On-Line Encyclopedia of Integer Sequences (OEIS), 
these numbers occur in other sequences: 

1.1. The numbers c(n) of chambers up to permutation coincide with the Num¬ 
bers of self-dual equivalence classes of threshold functions ofn or fewer variables, 
or the numbers of majority (i.e., decisive and weighted) games with n players, 
listed in El- 

1.2. The numbers v{n) of virtual genetic codes coincide with the numbers of 
Boolean functions of n variables that are self-dual and regular, listed for n < 10 

in [15]. 

The aim of this note is to explain these numerical coincidences by construct¬ 
ing natural bijections between the sets under consideration. In particular, the 
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above mentioned precise value u(ll) may be added in [2]. The principal results 
are Propositions 14.5115.11 and 16.11 

The paper is organized as follows. Section [5] presents the transformation 
group used in various equivalence relations. Section |3] recalls the notations and 
the classification’s result for polygon spaces. In Sections S] and [SJ we introduce 
threshold functions and majority games and prove the bijections involved in ll.ll 
while Section |6] concerns the case of 11.21 Finally, we treat in Section 0 the case 
of non-generic polygon spaces, giving rise to an apparently unknown integer 
sequence. 

I thank Matthias Franz for drawing my attention to this problem and for 
useful conversations. 


2 The transformation group Tn 

In this section, we define the transformation group Tn, responsible for several 
equivalence relations occurring in this paper. Incidentally, a few notation are 
introduced, which are used throughout the next sections 

Fix a positive integer n. If X is a set, the symmetric group Sym^^ acts on 
X" by permuting the components. This is a right action; an element x € X" 
is formally a map a: : {1,..., n} —>• X {xi = a:(i)) and a e Sym^^ acts by pre¬ 
composition, i.e. x^^ = xoa. Note that right actions are most often denoted 
exponentially in this paper. 

Let An = the elementary abelian group of rank n denoted additively. 

The Sym^-action on An gives rise to the semi-direct product 

Tn = An>i Sym„ . (2.1) 

Recall that, as a set, Tn coincides with An x Sym^. We we may use the short 
notations v = (v, id) and a = (0, a) (which enables us to consider Sym^ as a 
subgroup of 7)t). The group Tn is thus generated hy v & An and a S Sym,^, sub¬ 
ject to the relations a~^va = . Note the formulae {iy,a){fi,T) = {viT jCrr) 

and = (i/'’",ct“^). 

The group Tn will act on several sets. We finish this section with a few 
examples. 

Example 2.1. The action ofTn on MT is defined as follows: if z = (zi,..., Zn) G 
R", the f-th component of is 

(^^^’")). = (-l)‘^^c)Mb- (2-2) 

In particular, z"" = ((-Ij'^izi,..., (-l)‘""z„) and z'^ = (z<^(i),..., z,^(„)). The 
following lemma will be useful. 

Lemma 2.2. The inclusion (]R>o)” ^ R” induces a hijection on the orbit sets 

(R>o)”/Sym„ ^ R"/r„. 
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Proof. Suppose that z' = If Zj > 0 and z[ > 0, Formula (12.21) implies 

that Vi = \ only if z' = 0 = (—l)‘^*ZCT(i), in which case Vi may be replaced by 
0 without changing zb Hence, z' = = z”^, which implies that our map 

is injective. By Formula (12.21) again, each 7ji-orbit contains an element a with 
Oi > 0, so the map is also surjective. □ 

Example 2.3. The action of Tn on Boolean vectors. We consider another 
copy of Itf called S„, the set of n-tuples (xi,..., x„) of Boolean variables. The 
set Si is thus {true, false}, with its usual numerisation true = 1, false = 0, 
xor = +, etc. We sometimes use binary strings, e.g. 1010 for (1,0,1,0). The 
addition law of Zlf produces a right action S„ x An —>■ S„ of An on S„. Note 
that the action of 1 on Xi is (xi + l)mod 2 = Xi, the negation of Xi (0 = 1 and 
1 = 0). This is the reason for which an element of An is, in this paper, denoted 
hy V = (i^i,..., Vn), the letter v standing for negation. Another useful equality 
is Xi = 1 — Xi (viewing {0,1} C K.). This action extends to an action of Tn on 
Bn by the formula 

(x^ ’ X(j(^i'^ -\- Vfj^i'j . 

Example 2.4. The action of Tn on V{ri), where 7^(n) is the set of subsets 
of n. We use the bijection y: V{ri} Bn associating to J C n its characteristic 
n-tuple x{J)^ whose i-th component is 

X{J)^ = xiJ)i'i) = truth(f e J) 

(i.e. x{J){'^) = 1 if and only if i € J). Note that x{J) + x(.K) = x{J^K), where 
A denotes the symmetric difference. The 7)i-action on 'P(n) is defined so that y 
is equivariant, using the 7)i-action of Example 12.31 x(J^‘'’'^^) = ■ This 

amounts to the formulae J'' = Jax~^{v), J'^ = a~^{J) and thus 

j(-.-)=a-i(jAx-i(i^)). 


3 Polygon spaces 

In this section, we recall the notations for polygon spaces and their classification 
(see [2] or m § 10.3]). Fix two integers n and d and set n = {1, 2 ..., n}. For 
a = (oi ,... ,an) € K”, the polygon space J\f^(a) is defined by 

= {z€ I (a, ^) = O}/ SOid), (3.1) 

where (,) denotes the standard scalar product in R". Classically, this definition 
is restricted to a G (R>o)"', in which case an element may be visualized 

as a configuration of n successive segments in R'^, of length ui,..., a„, starting 
and ending at the origin. The vector a is thus called the length vector. Following 
some recent works (see e.g. [2]), we take advantage of Definition m making 
sense for a G R". In most of the cases, this extension does not create new 
polygon spaces up to homeomorphism (see Remark 13.51) . 
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The classification of polygon spaces up to homeomorphism is based on the 
stratification induced by the tie hvverplane arranqement (or just tie arranqe- 
ment) H{W^) in R" 

= I Jen}, 

where the J-tie hyperplane T-ij is defined by 

'Hj := |(ai,... ,a„) e R” I = ^ai|. 

i^J i^J 

A tie hyperplane is often called just a wall. The stratification associated to 
H = H(R") is defined by the filtration 

{0} = -^(0) C C • • • C = R’", 

with being the subset of those a € M" which belong to at least n — k distinct 
walls T-Lj. A stratum of dimension fc is a connected component of . 

Note that a stratum of dimension fc > 1 is an open convex cone in a fc-plane 
of R". Strata of dimension n are called chambers and their elements are called 
generic. 

Note that the tie arrangement H(M") is invariant under the action of Tn- 
Indeed, using the tools of Example 12.41 one checks that = 'Hk with 

K = a{j&x~^{^))- 

We may restrict the stratiheation 'HtoV = (R>o)"', (R^o)") (®>o)” or R”. 
Each of these choices for V gives rise to a set Ch(y) of chambers, contained in 
the set Str(y) of corresponding strata. 

Proposition 3.1. The inclusions (R>o)” ^ (R>o)” ^ R" descend to bijec- 
tions 

Ch((R>o)")/Sym^ ^ Ch((R>o)")/Sym^ ^ Ch(R")/r„ 

and 

Str((R>o)")/Sym„ ^ Str(R")/r„ . 

Proof. These bijections are direct consequences of Lemma 12.21 except for the 
first one Ch((R>o)")/Sym„ —>• Ch((R>o)")/Sym„. The latter is obviously 
injective. For the surjectivity, we use that if e > 0 is small enough and a 
is generic, we can replace the zero components of a by e without leaving the 
chamber of a (see e.g. 13 § 2 . 1 ]). □ 

Remarks 3.2. (a) The map Str((R>o)")/Sym^ —>■ Str((R>o)")/Sym.^ is 
clearly injective but it is not surjective. The stratum {(0,..., 0)} is of course 
not in the image but also other less degenerate strata, such as the intersection 
of the two walls in Str((R>o)^). Indeed, the equations 02 = 01 + 03 

and 03 = 01 + 02 imply that oi = 0. See also 17.41 

(b) In [7] and in the lists of [ 8 ], conventional representatives for classes in 
Ch((R>o)")/Sym^ are used, allowing zero components in length-vectors. These 
zeros stand there for any small enough positive numbers (e.g. ( 0 , 1 , 1 , 1 ) means 
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(e, 1,1,1)). This actually uses the first bijection of Proposition 13.11 (see also 
its proof). Thus, in our new setting, these conventional representatives are 
bona hde representative of Ch((]R>o)")/Syinj^. However, using zero length is 
unsuitable for the symplectic geometry of spatial polygon spaces (see e.g. 0)- 

The main theorem for the classihcation of polygon spaces [71 Theorem 1.1] 
generalizes, with the same proof, in the following statement. 

Theorem 3.3. Let a, a' S R". If a and a' are two representatives of the same 
class in Str(K”)/7)) thenAf^ia) and J\f2{a') are homeomorphic. □ 

Remark 3.4. For generic a and certain n and d, the converse of Theorem 13.31 
is true: if Afffia) and Af^{a') are homeomorphic, then a and a' represent the 
same class in Ch(]R")/7(i (see, e.g. [11 ITTl ir^ l. 

Remark 3.5. By Proposition 13.II and Theorem 13.31 taking generic length vec¬ 
tors in K” instead of (R>o)" does not produce new polygon spaces up to home- 
omorphism. This is the same for non-generic length vectors, provided that they 
are taken in (K^o)” (if a S (R^^^o)") then 6 = a"" S (R>o)" for some u G A,i 
and the map x ^ x'^ gives a homeomorphism from Af^ib) to Af^{a)). But the 
non-generic strata of 'H(R>o)"') (see Remark [321 (a)) produce, in general, new 
polygon spaces. For example, for (0,1,1) G ’H{ 2 } G Str((R>o)^), one has 

•A^3^(0, 1,1) = {{x,y,z) G \y + z = Q}/SO{3) 
a; (S'2 X S^)/SO{3) 

« ptx S^/SO{2)^[-l,l], 

which is not homeomorphic to a polygon space A/J(a) for a G (R>o)^. Indeed, 
Str((R>o)^)/Sym 3 contains 3 strata, giving A/’|(0,0,1) = 0, .A/’|(l,l,2) = pt 
and Af^{l, 1,1) = pt. 

We now restrict ourselves to to the generic case. If a G R” is generic then 
7 ^ fo'' all J C n. When the set J is 

called a-short (or just short) and its complement is a-long (or just long). Short 
subsets form a subset Sh(a) of P(n). Define Sh„(a) = {J G {1,... ,n — 1} | 
J U {n} G Sh(a)}. As J is short if and only if J = n — J is long, the set Sh„(a) 
determines Sh(a). Indeed, either n G J or n G J, and thus Sh„(a) tells us 
whether J G Sh(a) or J G Sh(a). 

The chamber of a is obviously determined by Sh(a) and thus by Sh„(a). 
This permits us to characterize a G Ch((R>o)")/7)i by a subset gc(a) of 'P(n), 
called the genetic code of a. For this, we consider, using Proposition 13.11 the 
only representative a of a such that 0 > oi > • • • > a„. Define a partial order 
on V(m) by saying that A ^ B ii and only if there exits a non-decreasing 
map if : A ^ B such that (p{x) > x. Note that, if B is short, so is A if A ^ B. 

The genetic code gc(Q;) of a is the set of elements Ai,...,Afc of Sh„(a) 
which are maximal with respect to the order The chamber of a (and 

thus a) is determined by gc(a). We also use the notation gc(a) for gc(Q;). 
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For instance gc((0, 0,1)) = {0}, gc((0,1,1,1)) = {{4,1}}, gc((l, 1, 2, 3, 3, 5)) = 
{{6,2,1}, {6,3}}, etc (see [7]). 

An algorithm is designed in [7] to list all the possible genetic code. A first 
step is to observe that all A,Bg gc{a) satisfy 

(a) A ^ B A ^ B and 

(b) A >4 A. 

Indeed, Condition (a) holds true by maximality of A and, if A ^ A, then A 
would be both short and long which is impossible. A finite set {Ai,..., A^j C 
’Pm(zi), satisfying Conditions (a) and (b) is called a virtual genetic code (of 
type n). 


4 Self-dual threshold functions 


Fix a positive integer n. We use the set Bn of Boolean vectors with its Tn- 
action introduced in Example 12.31 A Boolean function on n variables is a map 
Bn ^ Bi = Z 2 . The group Tn acts on the right on the set of Boolean functions 
by ^), which gives the formula 

... ,a;„) = (x„-i(i) +i/i,...,x<^-i(„) +iyn)- (4.1) 


This 7)i-action on the set of Boolean functions produces the equivalence relation 

used in o _ 

A Boolean function / is called self-dual if f{x) = f{x). 

Lemma 4.1. Self-duality is preserved hy the action ofTn- 

Proof. Let /: Bn —>■ be a Boolean function which is self-dual and let a) € 

Tn- Note that x = where 1 = (1,..., 1). Then, 




/(^’'^)(x(l’id)) 

/(x(l’id)('^’'^)-') 

J(j.(i^,o-) since ( 1 , id) is in the center of 77 

y(2,(i/,<7)-i) since / is self-dual 

/4-'^)(x) , 


which proves that is self-dual. 

Let w = (wi,..., Wn) G K" and t G K. We consider the Boolean function 


□ 


f(w,t){x) = truth((x, w 



1 

0 


if (x, w) >t 
otherwise. 
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where (,) denotes the standard scalar product in R”. The function f{w,t) is 
called the threshold function with weights wi,W 2 , ■ ■ ■, Wn and threshold t (see [3] 
and Remark 14.61 below). Reference [5] emphasize the importance of threshold 
functions in neuron-like systems. The few subsequent lemmas gather several 
properties of threshold functions. 

Lemma 4.2. Threshold functions are preserved by the action of Tn- More 
precisely, let {w,t) € M" x R and let {v,a) G Tn- Then = f{w’,t'} where 

w' = and t' = t — {v, w'^). 

Proof. As we are dealing with an action oiTn, it is enough to prove the lemma 
for a = (0, a) and for v = {v, id). In the first case, one has 

fiw,t}ix) = truth((a;‘^ \w) > t) = truth((a;, > t) = /(„,<.,*) . 

In the other case, one first prove, using the truth tables of Xi and Vi, that 


{XiY'Wi = Xi{-\Y'Wi P l/iWi . 

This implies that {x'^,w) = {x,w'') -\- {v,w). Therefore, 




truth ((x'^, w) > f) 
truth((a;, w'') >t—{v, w)) 

f{w',t') ( 2 ^) ■ 


□ 


For ic e R”, define [ru] = The relationship between threshold 

and self-dual functions is the following. 


Lemma 4.3. A threshold function f(w,t) is self-dual if and only if the following 
two conditions hold. 


(^) f{w,t) f{w,[w~\) f^wd 

(b) {x,w) Y L'^1 for any x G Bn- 

Proof. Conditions (a) and (b) are clearly sufficient for /(u,,t) being self-dual. 
Conversely, if / = f(w,t) is self-dual, then 

{x,w)>t <t4> f{x) = l <t4 f{x) = 0 <t4> {x,w)<t. 


This, together with the same argument exchanging x and x, proves that 


{x,w) < {x,w) or {x,w) > {x,w) 

for all X G Bn- As (x,w} -h {x,w) = 2[re], this proves (a) and (b). □ 
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Lemma 4.4. Let w G R" and G Tn- Then = f{w',lw’'\) (where w' 

is given by Lemma \4-2\ ). 

Proof. As we are dealing with an action of 7^, it is enough to prove the lemma 
for (0 ,ct) and id)- The case (0, tr) is straightforward by Lemma 112] and the 
equality = [ru]. For id), Lemma again tells us that ~ 

f(w',t') with w' = w" and 

t' = [w] - (i/, w) = i ^ w* - 2(i/, w)) = [w"'] . □ 

We are ready to prove the main result of this section. To a generic a G R", 
we associate the threshold function /(a,[a])i which is self dual by Lemma 14.31 If 
a and a' belong to the same chamber of 77 (R"), then 

f(aUm) = Sh(a) = Sh(aO = Lan)({0}) > 

which proves that /(a,[a]) = /(o',[a'])- We thus get a map 

S : Ch(R”) -> SDT(n), 

where SDT(n) denotes the set of self-dual threshold functions on 
Proposition 4.5. The above map S descends to a bisection 

S : Ch(R")/rn ^ SDT(n)/r„ . 

Proof. By Lemma 14.41 the map S is 7)i-equivariant, so the orbit map S is well 
defined. It is surjective by Lemma 14.31 For the injectivity, let a and (3 be two 
chambers, represented by length vectors a and b. If 2 ( 0 ) = 5(/3), then f(b,ib']) = 

^ By LemmalMl one has /(b,[b]) = /(a(*'.-),La(-.-)l)- 

Therefore 

Sh(a(--)) = /(-J.,.,_l.g,.)i)({0}) = /wbi)({0}) = Sh(&), 

which implies that jS = . □ 

Remarks 4.6. (a) There are several variants in the literature for the definition 
of a threshold function, for instance by requiring that Wi and/or t be integers (see 
e.g. [To] p. 75]). As chambers contain integral representative. Proposition 14.51 
holds true as well for these versions. 

(b) Variables corresponding to zero weights are idle for /(a, [a]), so the latter 
depends on fewer than n variables. This is the reason of the words “n or fewer 
variables” in o 

(c) Composing the bijection -n of Proposition 14.51 with the bijection 

Ch((R>o)"')/Sym^ Ch(R")/7/ of Proposition [34] produces a bijection 

Ch((R>o)”)/Sym^ ^ SDT(n)/r„ . (4.2) 

This explains why the numbers of the first line of the table in the introduction 
are equal to those of [14]. 


By Proposition 13.11 the bijection of (14.21) factors through the bijection 
Ch((]R>o)")/Sym^ SDT(n)/7^. A direct consequence is the following 

lemma, which will be useful later. 

Lemma 4.7. Let {w,t) and be two elements o/R" x M. Suppose that 

w and w' are generic and that f(w,t) o^nd w the same Tn-orbit. If 

Wi > 0 and w[>Q for all i € n, then w and w' are in the same Sym^-orbit. 


5 Decisive weighted majority games 

In this section, we describe the equivalence between Ch((R>o)")/Sym^ and the 
strategic equivalence classes of decisive weighted majority games with n players, 
as mentioned in 11.11 Our references for game theory are m Chapter 10] and 

0 . 

A game on a set of n players (indexed by n) is a set of subsets of n called 
the winning sets, such that any set containing a winning set is also winning. 
The game is decisive (or simple) if for any S G n, either S or its complement 
is winning but not both. Two games are strategically eguivalent if there is a 
bijection between their players identifying the families of winning sets. A game 
with n players may be extended to m > n players by adding m — n “voteless” 
players or dummies', a subset S' of m is thus wining if and only if SOn is wining. 

We see that a game Q defines and is determined by a Boolean function 
fg.Bn —)• Bi, given by f{x) = 1 if and only if x is the characteristic n-tuple 
of a set S G n which is a winning set. As any superset of a winning wins, the 
function fg is monotone, i.e. its value does not change from 1 to 0 when any of 
its variables changes from 0 to 1 nni p. 55]. That Q is decisive translates into 
fg being self-dual. Two games Q and Q' are strategically equivalent if and only 
if fg and fgi are in the same Sym^^-orbit. 

A game I? is a weighted majority game if there exists w G M" such that fg = 
We write Q — Q{w). If Wi < 0, then the player j is a dummy. Indeed, 
since every superset of a winning set wins, Wi < 0 implies that jrci] is so small 
that it makes no difference. Therefore, one can replace the negative weights by 
0 without changing the strategic equivalence class of the game. We can thus 
suppose that no weight is negative. By Lemma HTTl two decisive majority games 
0(iv) and Q{w') are then strategically equivalent if and only if w and w' are in 
the same Sym^-orbit. 

Note that if a € (M>o)" is a length vector, the winning set of Qa are the 
a-long subsets of n. Also, a is generic if and only if Qa is decisive. The above 
considerations, together with Propositions l3.1l and l4.51 gives the following result. 

Proposition 5.1. The map a G{a) induces a bijection from Ch((R>g))/Symj^ 
to the set of strategic eguivalence classes of decisive weighted majority games. 
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6 Self-dual regular Boolean functions 


A partial order on is defined by saying that x ^ y xi + ■ ■ ■ Xk < 2/i + ■ ■ ■ yfe 
for 1 < fc < n [TOl p. 92]. Note that x ^ y if and only if y ^ x: indeed, 

xi H-h Xfc < yi H-h yfc if and only if A: - xi- Xk > k-yi - yk- 

A Boolean /: Bn Bi is regular if /(x) ^ /(y) whenever x ^ y [101 p. 93]. 
For example, a threshold function is regular if wi > z(;2 > • • • > Wn > 0. 

Let SDR(n) be the set of self dual regular Boolean functions on Bn- 

Proposition 6.1. There is a bijection between SDR(n) and the set of virtual 
genetic codes (see Section W- 

Before proving ProDOsition l6.ll we note the following lemma, in which Bn = 
{x € Bn \ xi = 1}. 

Lemma 6.2. A self-dual Boolean f: Bn —t Si is determined by its restriction 
toBl 

Proof. We use that x S if and only if x ^ S^. As / is self-dual, one has 


fix) 


fix) if X e 
fix) otherwise. 


( 6 . 1 ) 


□ 


Proof of Provosition [KT\ To / G SDR(n), we associate its code 7 (/) which is 
a subset of B(^. By definition, 7 (/) is the set of ^-maximal elements x S S), for 
which fix) = 0. For instance 7 (/(( 2 ,i,i,i), 5 / 2 )) = {1000} and 7 (/(( 2 . 2 . 2 , 1 ) 7 / 2 )) = 
{1001}. If 7 (/) = { 61 ,..., bk}, then 

(i) bi bj for all i ^ j and 

(ii) bi bj for all i,j. 

Let F„ be the set of subsets of B(^ satisfying (i) and (ii). We first establish that 
7 : SDR(n) —>■ r„ is a bijection. Indeed, 7 (/) clearly determines the restriction 
of / to Bn, and then determines / by Lemma lOI this proves that 7 is injective. 
For the surjectivity, let i? G r„. The formula 


fix) 


0 if 3 r G i? with x ^ r 
1 otherwise 


defines a function on Bn which can be extended to f: Bn ^ Bi by (16.ip . Such 
a definition guarantees that / is self-dual. For the regularity, let x ^ y be two 
elements in Bn- The condition fix) ^ /(y) is automatic if /(y) = 1. We can 
thus assume that /(y) = 0, so we must prove that /(x) = 0. There are four 
cases. 

Case 1: xi = 1 = yi. As /(y) = 0, there exists r G R with y <r. As x ^ y, 
then x P r and thus /(x) = 0 . 


10 



Case 2: xi < yi- If f[x) = 1, then x ^ r for some r £ R. As f{y) = 0, 

there exists s £ R with y ^ s. Therefore, f ^ x < y < s which contradicts (ii). 

Case 3: xi > yi. This is impossible since x ^ y. 

Case 4: = 0 = yi. If /(x) = 1, then /(x) = 0. As /(y) = 1 and y di x, 

the pair (y,x) would contradict Case 1, already established. 

It remains to establish a bijection from r„ and the set of virtual genetic 
codes. To X G 6^ one associates x^* C n by the rule 

X* = {* G n I Xn+i-i = 1} . 

For instance, (1000)^ = {4} while (1010)* = {2,4}. Obviously, x x* is a 
bijection between and the subsets of n containing n. Conditions (i) and (ii) 
above are intertwined with Conditions (a) and (b) of [3 p. 37]. The latter define 
a virtual genetic code. Hence, the correspondence x i—>■ x* maps r„ bijectively 
to the set of virtual genetic codes. □ 

Remark 6.3. For n > 9, not every self-dual regular Boolean function is 
equivalent to a threshold function. As an example, the function with 7 (/) = 
{100101010}, corresponding to the genetic code {9, 6,4, 2} (see [3 Lemma 4.5]). 


7 Non-generic strata 


In this section, we give an analogue of the bijection S of Proposition 14.51 
extended to possibly non-generic strata, taking advantage of 3-valued (3V) 
Boolean functions. A 3V-Boolean function is a map /:B„ ^ { — 1,0,1}. It 
is self-dual if /(x) = —f{x). As in Section H] a right 7{i-action on the set of 
3V-Boolean functions using 611). As in Lemma 313 one proves that self-duality 
is preserved by this Tjj-action. 

Let w = (wi,..., Wn) £ R" and t £ R. The 3V-Boolean function 



1 if (x, w) > t 
0 if (x, w) = t 
— 1 if (x, w) < t 


is called the 3V-threshold function with weights wi,W 2 t ■ ■, Wn and threshold t. 
With essentially the same proofs. Lemma Td.1114.71 remain valid without change 
for 3V-threshold functions, except for Lemma 14.31 which requires the hypothesis 
0 i Imageifl^^^). If this is not the case, one easily proves the following lemma. 

Lemma 7.1. Let {w,t) G R" x R such that 0 G Image{f^^Then, is 

self-dual if and only if t = [u>]. □ 

Let SDT^^(n) be the set of self-dual 3V-threshold functions on As in 
Sectional we define a map Str(R"') —> SDT^^ (n) by associating associat¬ 
ing to S' G Str(R") the 3V-threshold function ffala]) a £ S. We check that 
is well defined and 7{i-equivariant, thus inducing a map Str(R”)/7{i —>■ 
SDT^^ {n)fTn- The same proof as for Proposition 14.51 gives following proposi¬ 
tion. 
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Proposition 7.2. The map : Str(K.”)/7^ —5> SDT^'^(n)/7^ is a hijection. 

□ 

Remark 7.3. The relationship between the maps S and of Propositions lTSl 
and l7.2l is as follows. There is an obvious injection j: SDT(n)/7^ —^ SDT^^(n/7j^) 
induced by / M- eof where e{u) = (—!)“■ Its image is the set of 3V-Boolean 
functions / such that 0 ^ Image(/). One has a commutative diagram 


Ch(R-)/r„>-^ Str(R")//r„ 

SDT(n)/r„>^ SDT^^H/Tn 

7.4. Computing the number of strata. Consider the following numbers 

. c(n) =S(Ch(R")/r„) 

• fc(n)=«(Str((M^o)”)/rn) 

. tfc(n) =S(Str(R")/r„). 

For example, c(l) = 0 and fc(l) = tk(\) = 1 (the stratum of (0)). For n = 2, 
one has c(2) = 1 (the chamber of (0,1)), fc(2) = 2 (the previous chamber and the 
stratum of (1,1)), while tk{2) = 3 because the stratum of (0) in Str(]R^) gives 
rise to that of (0, 0) in Str(]R^). In general, the injection {0} x ^ 

R" induces an injection [Str(R"“^) — Ch(R”“^)]/7(i-i ^ Str(R"')/7(i. This 
proves the recursion formula 

tk{n) = k{n) + tk{n — 1) — c(n — 1) . (7-1) 

The number k{n) was computed in [71 § 5] for n < 8. Thanks to ProDOsition l3.ll 
the values of c(n) may be taken from the table in the introduction. Using 
Formula CH), we thus get the following table. 


n 

1 

2 

3 

4 

5 

6 

7 

8 

c(n) 

0 

1 

2 

3 

7 

21 

135 

2,470 

k{n) 

1 

2 

3 

7 

21 

117 

1506 

62254 

tk{n) 

1 

3 

5 

10 

28 

138 

1623 

63742 


The sequences k{n) and tk{n) do not seem to occur in the On-Line Ency¬ 
clopedia of Integer Seguences. 


References 

[1] M. Farber, J.-C. Hausmann and D. Schiitz “On the conjecture of Kevin Walker”. J. 
of Topology and Analysis 1 (2009) 65-86. 


12 










[2] M. Franz “Big polygon spaces” arXiv: 1403.4485v2 

[3] M. H. Hassoun “Fundamentals of Artificial Neural Networks”. MIT Press (1995). 

[4] J-C. Hausmann “Mod Two Homology and Cohomology” Book Project, available on 
http; //www.unige.ch/math/folks/hausmann 

[5] J.-C. Hausmann. ’’Geometric descriptions of polygon and chain spaces”. In Topol¬ 
ogy and robotics, volume 438 of Contemp. Math., pages 47-57. Amer. Math. Soc., 
Providence, R,I (2007). 

[6] J.-C. Hausmann and A. Knutson. ’’The cohomology ring of polygon spaces” Ann. 
Inst. Fourier (Grenoble), 48(1):281-321 (1998). 

[7] J.-C. Hausmann and E. Rodriguez. “The space of clouds in Euclidean space”. Ex¬ 
periment. Math. 13 (2004), 31-47. 

[8] Corrections and additional material to [7]: 

http; //www.unige.ch/math/folks/hausmann / polygenes 

[9] J. Isbell. “On the enumeration of majority games”. Math. Comp. 13 (1959) 21-28. 

[10] D. Knuth “The Art of Computer Programming”. Volume 4A: “Combinatorial Algo¬ 
rithms, Part 1”. Addison-Wesley (2011). 

[11] D. Schiitz “The isomorphism problem for planar polygon spaces”. J. Topol. 3 (2010) 
713-742. 

[12] D. Schiitz “Intersection homology of linkage spaces in odd dimensional Euclidean 
space”. arXiv:1407.4993 

[13] J. von Neumann and O. Morgenstern. “Theory of Games and Economic Behavior”. 
Princeton University Press (1947). 

[14] OEIS; http://oeis.org/A001532 

[15] OEIS; http://oeis.org/A109456 

[16] K. Walker “Configuration Spaces of Linkages” Undergraduate thesis^ Princeton Uni¬ 
versity (1985). Available at http://canyon23.net/math/1985thesis.pdf 


Jean-Claude HAUSMANN 

Mathematiques - Universite 

B.P. 64, CH-1211 Geneva 4, Switzerland 

jean-claude.hausmann@unige.ch 


13 


